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SET THEORY AND MEASURES 





1.1 Definitions and key properties 


Definition 1.1 (c-algebras). A sigma algebra is a collection of sets A in some universal set U such 
that 


(i) O@ EA; 
(ii) {Xn} CA => UAE A; 
(iii) XE A => XEA. 


Note that (ii) and (iii) imply that countable intersections of sets in A are also in A. For example, 
we can take U = {1,2} and A = {@, {1,2}}. For every set X the power set 2* is a o-algebra. We 
can form the Borel a-algebra on R by considering all open intervals (a,b) and then taking all possible 
combinations of unions, intersections, and complements of these intervals. 























Definition 1.2 (Measures). A (positive) measure is a function 4 : A > |0, oo} (or onto RU{oo}) which 
satisfies 





(i) u(S) = 0; 
(ii) (Disjoint Unions) tu (U;X;) = do; (Xi); 
(iii) (Non-Negativity) > 0. 


Notice that these axioms imply monotonicity. A finite measure is a measure such that u(U) < co. A 
o-finite measure space is such that there exist finite measure sets, {X;}, such that U = U%,X;. The 
Borel measure is a measure on the Borel o-algebra. The Lebesgue measure is defined on U = R with 
(a,b) = |(a, b)| = b—a. The Lebesgue measure in invariant under translation: |A] = |A+ 2]. 














Definition 1.3 (Outer measures). For X C U;X;, we define the outer measure by 
y(X) = [Xe = inf SX), 
i=1 
Outer measures have the following properties: 
(i 
(ii 


) (Monotonicity) If X C Y then p*(X) < p*(Y); 
) ( 
(iii) (Non-negativity) j* > 0; 
Jak 
Dek 











Domain) p* : 28 + R; 





(iv) (Null Sets) p*(@) = 0; 


(v) (Countable Subadditivity) u* (U:X;) < So, (Xi). 
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By Caratheodory, we see that E' is measurable iff for ALL subsets A (i.e., not just the measurable ones) 
we have that 
w'(A) = WENA) + (Ee A). 


Every Borel measurable set is Lebesgue measurable, but not vice versa. Open sets are measurable. 











Proposition 1.4 (Approximation of outer measure by open sets). For all EF C R” and Ve > 0, there 
exists an open set H such that EF C H and p(A) < p*(E) +e. One can alternately choose a compact 
(closed) set F' such that F C E with p(F) > p*(E£)—«. Note that we can form any open set by a 
countable disjoint union of boxes in R”. 

















Definition 1.5 (Borel sets). A G5 set is a countable intersection of open sets. A F, set is a countable 
unton of closed sets. 











Theorem 1.6 (£ is measurable iff it differs from a Borel set of zero measure). Let E C R". Then 





(a) E is measurable iff we can find a Gs set H and a set Z of measure zero such that E = H \ Z. 
(b) E is measurable iff we can find a F, set F and Z with |Z| =0 such that B= FUZ. 


Proof of (a). For sufficiency, suppose that E = H \ Z. Here H is G5, so measurable, and |Z| = 0 
is measurable. By a theorem F is measurable. For necessity, Suppose that EF is measurable. By a 
theorem, there exists a Gs set H with EF C H and such that |E|. = |H|.. Set Z := H \ E so that Z is 
measurable as above and |Z| = |H| — |E| =0. 














Proof of (b). For sufficiency, suppose that F = F'U Z which is a union of measurable sets and is hence 


itself measurable. To show necessity, suppose that E’ is measurable. Then E* is measurable, so by part 
(a) E° = H \ Z for some H, Z with |Z| = 0 and H =Mx51F, for Ex all open. Then 


E=C(E°) =C(H\ Z) =C(HNCZ) —CHUZ =Upi CE, UZ. 











Here each C'E; is closed, so F’ = sup,3, C'Ex is a Fe set. 





1.2 Sets and sequences of sets 


Definition 1.7 (Limsups and liminfs of sets). Given a sequence of sets {E,,} define 


lim sup E,, = () U E,, (In co-many of the sets F,,) 


MIS me1ln>m 


lim inf f= U () E,, (In all but finitely-many of the E,,) 


m>1ln>m 
Observe that for any N > 1: 
lim sup E, C U F;. 


Definition 1.8 (Monotone sequences of sets). We use the notation FE, 7 EF if Ey C Ey C --- and 
E = Us>i ky. Similarly, we say that FE, \. EF if F, D By D--- and BE = M31 Ey. We get continuity 
properties of limits of sets for monotone sequences of sets (see below). 


Theorem 1.9 (Continuity of the Lebesgue measure on monotone sets). Let {E,} be a sequence of 
measurable sets in R”. 














(1) If Ex J) £E, then limp 300 |Ex| = |E|; 


(2) If Ex \ E and |E;| < co for some k, then limp... |Ex| = |E]. 


Proof of 1. If for some j > 1, |E;| = 00 then |F;,| = oo for all k > 7, and hence |E| = oo. Now we can 
assume that |F;,| < co for all k > 1. We write 


E = E,U (Ey\ Fx)U-+ = E,U [J(Beas \ Ee). 


k>1 


Then 














E| = Ei] + [Beet \ Bul = [Bi] + lim S7((Ex 4] — (Eel) = lim [En 
k=1 


k>1 


Proof of 2. We can assume that || < co since otherwise we can truncate the sequence and relabel to 
obtain the same limit. Moreover, we can write EF, as a disjoint union of measurable sets: 


Ey = EU J(E \ Bev). 


k>1 


Now we have that 


|Ex| = |B] + 52 [Bp \ Besa 


k>1 
=|E| + lim S*(\Bx| — Buea) 
k=1 


— E + lim (|| — |En+1|), 
nN—- Oo 




















which implies the result. 





Example 1.10 (Spring 2018, #6). Prove each of the following: 





i. Let Ex C R” for k > 1 be sets such that Fy C Ey C E3 C---, and denote EF := Uxs1 Ey. Assume 
that |E|. < oo. Prove that 











|E |. = lim |Eyle. 
k-oo 





ii. Let E be a set in R” with 0 < |E|. < oo. Let 0 < J < 1. Show that there is a set Ey C E with 
|Fgle = 0-|Ele. 











1.3. Sample problems 
Example 1.11 (Spring 2017, #6). Given A C [0,1], prove that A is Lebesgue measurable iff 


|Ale + [[0, 1] \ Ale = 1. 














Example 1.12 (Fall 2016, #2). Show that for A Cc R*%, A is Lebesgue measurable iff for every ¢ > 0 
there is a Lebesgue measurable set EC R¢@ such that |AAE|, < e. 























Example 1.13 (Spring 2016, #4). Assume E C R?¢ is measurable such that |E| < oo. 





(a) Suppose that f : EB — [—oo, oo] is measurable and finite a.e. Given ¢ > 0, prove that there is a 
closed set F C E such that |E \ F'| < ¢ and f is bounded on F’. 


(b) For each n > 1 let f,, be a measurable function on EF, and suppose that 


Vac € E: M, =sup|fn(x)| < oo. 
n>1 


Prove that for each ¢ > 0 there is a closed set F’' C E and a finite constant M such that |E\ F| <e 
and |fn(x)| <M for allz € F andn> 1. 











Example 1.14 (Spring 2014, #2). Let A be any subset of R¢. Prove that there exists a measurable 
set H D A that satisfies |AM E|. = |HM E| for every measurable set E C R¢. 























Example 1.15 (Fall 2012, #1). Given a set E C R?@ with |E|. < oo, show that E is Lebesgue 
measurable iff for each e¢ > 0 we can write E = (SUA) \ B where S is a union of finitely many 
non-overlapping boxes and |A|.,|Bl. < ¢. 














Example 1.16 (Spring 2012, #3). Suppose that 0 << 0 <1, E CR", and 0 < |E| < o. Prove that 
there is a cube Q such that 6-|Q| < |ENQ|. 








Example 1.17 (Spring 2008, #2 «). Let |- |. denote the exterior Lebesgue measure on R. Suppose 
that E is a subset of R with |E|. < co. Show that E is Lebesgue measurable iff for every « > 0 we can 
write EF = (SU N;) \ No, where S is a finite union of non-overlapping intervals and |Ni|-,|Nale < ©. 























DIFFERENTIATION 





2.1 Key results and theorems 


Theorem 2.1 (LDT). Let f be measurable and defined on the domain A. Then for a.e. x € A we 


have that 
iia 


im | f(y)dy = f(a), 


i.e., if the previous equation holds for all x € B, then|A\ B| = 0. Lebesgue points satisfy this relation, 
and almost every x € [a,b] is a Lebesgue point. We can also express the LDT in the special case of 
f :=Xe, the characteristic function of E, in the form of 


! [ andy — Xz(2) 


— +0, ae. asr—- 0. 
7 Lee 








A few useful facts: 





e By the LDT, if |A| > 0, da € A, 59 > 0 such that |AN (a —6,a+6)| > * for all 0 <6 < dp. 


























e Consider f(x) := xx(z) for |E| < oo. Then f € L'(R) and so ae. x € R is a Lebesgue point of f. 


e By the LDT, ae. point in [0,1] is a density point of y4(x) in that for a.e. x € A: 





_ |AN[2—r,2+7]| 
lim =i; 

ro [e—ne+r] 

Lemma 2.2 (The Riemann-Lebesgue lemma). For all f € L', we have that 


im, | f(a)e* dx = 0. 


A>0 


Note that the exponential function in the previous integral can effectively be replaced by any other 
function that integrates to zero to obtain an analogous result. 











Proof Sketch. We use a dense class argument to approximate f(z) on R within some small « > 0. 
Namely, we know that the functions g € Cj, or the compactly upported continuous functions with one 
continuous derivative, are dense in L'. Then we can complete the proof using IBP where we pick up a 
factor of 1/A\ and give ourselves a little room, i.e., show that the limit is less than ¢ for every € > 0. 

















The mean value theorem (MVT for derivatives) states that if f is defined and continous on [a,b] and 
differentiable on (a,b), then dc € (a,b) such that (b— a)f’(c) = f(b) — f(a). The intermediate value 
theorem (IVT) states that if f is continuous on [a, b], then for all c in the range between f(a) and f(b), 
dx € (a,b) such that f(7) = c. The MVT for integrals states that if f is continuous on [a,b] then 
c € (a,b) such that 











flo) = = f reat 


Lemma 2.3 (Growth lemma II). Suppose that f : [a,b] + R and E C |a,b] be measurable. Then if f 
is differentiable on E, |f(E)le < fa lf'. 














2.2 Past exam problems using the LDT 











Example 2.4 (Spring 2018, #1). Let A C R be a measurable set. For x € 





a € A}. Prove that if A satisfies 














|A\ (A+2)|=0, Vz ER, 














then either |A| = 0 or [R \ A| = 0. 














Example 2.5 (Spring 2017, #4). Let A be a measurable subset of [0, 1]. 


R denote A+a={a+z: 


(a) Prove that if |A| > 2/3, then A contains an arithmetic progression of length 3, that is, prove that 











there are a,d € R such that a,a+d,a+ 2d € A; 





(b) Use part (a) to prove that if |A| > 0, then A contains an arithmetic progression of length 3. 














Example 2.6 (Fall 2016, #1). Let E C R be a Lebesgue measurable set with 0 < |E| < ov. 





(1) For each x € R and r > 0 define I(x) := [x — r/2,2+7r/2] and h,(x) := |ENI,(x)|. Prove that 











for a fixed r > 0, the function h,(x) is continuous at every x € 


(2) Prove that there exists ro > 0 such that for each 0 < r < ro there exists a closed interval J C 


which satisfies || =r and |EN1| = 1/2. 











R. 














A 





Example 2.7 (Spring 2016, #3). Suppose that E C [0,1] is measurable and that there exists 6 > 0 


such that 
JEN [2 —r,x+r]| > dr, 


for all x € (0,1) and r > 0 such that (« —r,x+r) C [0,1]. Prove that |E| = 1. 


2.3 Other differentiation problems 





Example 2.8 (Fall 2016, #4). Prove that if f(x), 2f(a) € L'(R) then the function 











F(w) = | fe) sin(wa)dx, 











is defined, continuous, and differentiable at every point w € R. (HINT: Use the identity that sin(a) — 





sin(3) = 2sin(2$%) cos(*4).) 
xk NOTE: Continuity proof uses the DCT. xx 


Example 2.9 (Fall 2007, #4). Prove that if f is integrable on [a,b], and 


/ " f(t)at = 0, 


for all x € [a,b], then f(t) = 0 ae. in fa, B]. 











Example 2.10 (Spring 2008, #1). Consider a sequence of functions f, € L1(IR*) for n > 0 with 


C:=sup | |faldx < oo. 
n>0 JRd 


Suppose that the following assumptions are satisfied: 


(i) fn — fo in measure as n —> co; 








(ii) For all ¢ > 0, 4d > 0 such that 


lsd > sup f [fulde < 
n=O JA 








(iii) For all ¢ > 0 there exists a set K C R¢ with |K’| < co such that 


sup f lfnldx < «. 
n>0 JRA\K 


Prove that f, — fo strongly (i-e., in norm) in L'(IR®). Also show that all three conditions are necessary 


by constructing three counterexamples, each of which satisfies exactly two of the three hypotheses, and 
for which f,, does not converge strongly to fo. 























INTEGRATION 





3.1 Absolute Continuity, bounded variation, and related characterizations 




















Definition 3.1 (Absolute continuity). Let J be an interval in R. Then we say that f : J > R is 
absolutely continuous on I if Ve > 0 54d > 0 such that for (xz, yx) C J whenever 5°,(y, — 2%) < 6 then 
>of (ve) — f(un)| < ¢. Equivalently, we have the characterization that f is absolutely continuous on 
[a,b] when f has a derivative f’ a.e., its derivative is Lebesgue integrable, and 











f(x) =f(a)t+ ve f'(t)dt, Vx € [a,b]. 


In other words, if f is absolutely continuous then f’ exists and is integrable a.e., and absolutely 
continuous functions satisfy the FTC. Note that if f, is absolutely continuous on [0,1] then Sf’ € 
L'({0, 1]) such that fr(x) = fo fi (t)dt. 


n 





NOTE: Ordinarily, we only can show that fe f'(t)dt < f(b) — f(a) (See previous exam problem on 
(Oe T|2): 

Proof strategies: To prove absolute continuity of a function: Use Banach-Zaretsky, can show f is 
Lipschitz, use the FTC, etc. 





Theorem 3.2 (Banach-Zaretsky). Let f : [a,b] > R. Then TFAE: 











(1) f is absolutely continuous. 
(2) f is continuous, f € BV[a,b], and satisfies Luzin’s condition: if |A| =0 then |f(A)| =0. 
(3) f is continuous, f is differentiable a.e., f satisfies Luzin’s condition, f’ € L*Ia, b). 


Definition 3.3 (Functions of bounded variation). Let [ = {a = 2% < 4 <<... < tm = b} bea 
partition of [a,b] and define Sp := S>\", | f(a) — f(ai-1)|. Let the variation of f over [a,b] be defined 
as 
V :=sup {Sp :T a partition of [a, b]}. 
E 


If V < oo, then we say that f is of bounded variation on [a,b]. If f has bounded variation on [a, }], 
then we can express f = g—h where g,h are both bounded and monotone increasing on |a, b] (Jordan 
decomposition theorem). Note that these functions can be extended to be monotone increasing on 
all of R as well. 














Proof strategies: A typical trick used whenever sup is used in problems is applied in this special 
case. Namely, V(f) = supp Sp should be interpreted as: Ve > 0, there exists a partition T, := {a = 
Lo <1 < +++ < @p, = b} such that 


Vif)< » | f(vn) — f(ee_1)| +. 


This version of the definition is much easier to manipulate. Also, if we let V(x) = V|f;a, 2] denote the 
total variation of f on |a,a+ 2], then we see that V is monotone increasing and hence differentiable 
a.e. Moreover, the total variation of f on [z,x2 +h] dominates | f(a +h) — f(x)|: 


If(@+h)— f@)| SV, c,¢+h] =V(a+h)—-V(a). 


Then it follows that |f’| < V’ so that, for example, 


b b 
firolws [vi sv@-ve)=Vifiad 

Notice that f monotone increasing on a,b] = > f € BV{a,}]. Also, f monotone increasing implies 

that f is differentiable a.e., f’ > 0, and ie f'(t)dt < f(b) — f(a) for alla <b. 


Proposition 3.4 (Monotone increasing function properties). If f is monotone increasing, then 


(a) f has at most countably many points of discontinutty. 
(b) f is differentiable a.e. 
(c) f' is a measurable function. 


(d) f’ € L' and we have the FTC as an upper bound: 0 < i f' < f(b) — fla). 


Nested characterizations: We say that f is Lipschitz on |a,b| if there exists a K > 0 (where K 
is independent of all x,y € [a,b]) such that |f(x) — f(y)| < AK - |x — y| for all x,y © [a,b]. We have 
the following important nested inclusion of function types (C1 denotes the set of functions with one 
continuous derivative): 


C"la, b] € Lip[a, b] € AC{a, b] © BV[a, b] © L™{a, b}. 


Typical counter examples to these types of functions are \/x or are of the form f(x) = x*sin(1/z°). 


3.2 Practice problems 


Example 3.5 (Spring 2018, #4). Let f : [0,1] — [0,1] be defined by f(0) = 0 and f(x) = x?|sin(1/z)| 
for x € (0,1). Show that f is absolutely continuous on [0, 1]. Give an example of a function ¢: [0,1] > 
(0, 1] that is of bounded variation, and such that ¢ exists in (0, 1], but such that go f is not absolutely 
continuous in [0, 1}. 

NOTE: ,/x is increasing, and hence of bounded variation. 


























Example 3.6 (Spring 2014, #4). Suppose that f € L1(IR) is such that f’ € L'(R) and f is absolutely 
continuous on every finite interval [a,b]. Show that lim, f(x) = 0. 
NOTE: Suppose not, and then show that f is not integrable. 


Example 3.7 (Spring 2017, #1). Assume f is real-valued and has bounded variation on [a,b]. Extend 
f to R by setting f(x) = f(a) for x <a and f(x) = f(b) for x > b. Prove that there exists a constant 
C > 0 such that ||T:f — f\l1 < C- |t] when t € R where T; f(x) = f(x — t) denotes the translation of f 
by t. 









































Example 3.8 (Fall 2017, #3). Assume that f : R > R is monotone increasing, and that we have 
lim; 5. f(z) = 0 and lim,_,.. f(z) = 1. Prove that f is absolutely continuous on every finite interval 


[a, b] iff [™. f'(x)dx = 1. 
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Example 3.9 (Spring 2016, #8). Show that f : [a,b] > R is Lipschitz iff f is absolutely continuous 
and f’ € L™{a, }). 





Example 3.10 (Fall 2015, #2). Suppose that f, are absolutely continuous functions on [0,1] such 


that f,(0) = 0 and 
1 
: d : 
ae If, (a)|de < 00 


n>1 


Show that 


© dinoi fn(x) converges for every x. Call this limit f(z); 
(absolutely convergent series are convergent) 


e f is absolutely continuous; 


e For ae. x € [0,1] we have that 


f(z) =)>_ fi) 


n>1 


Example 3.11 (Spring 2015, #7). Assume that f has bounded variation on |a,b]. Letting V|f; a, 5] 
denote the total variation of f on [a,b], prove that 


b 
} Fl <VIfsa, 8. 














Example 3.12 (Fall 2012, #2). (a) Let E C R¢ be a measurable set such that |E| < oo. Let {fn}nsi 
be a sequence of measurable functions on FE, and suppose that f, is finite a.e. for each n. Show that 
if f, > f ae. on E, then f,; > f. 

(b) Show by example that part (a) can fail if |Z | = co. 


Example 3.13 (Fall 2012, #3). Suppose that f is a bounded, real-valued, measurable function on 
(0, 1] such that ie x" f(«)dx = 0 for all n > 0. Show that f(x) =0 ae. 


Example 3.14 (Spring 2008, #4). Suppose that f, € C'[0,1] for n > 1, and we have: 
(a) fn(0) = 0; 
(b) |f,(@)| < gq ae. and 


(c) There exists a measurable function h such that f/ (x) > h(x) for every x € [0, 1]. 


Prove that there exists an absolutely continuous function f such that f, — f uniformly as n > oo. 
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4 NOTIONS OF CONVERGENCE 





4.1 Modes of convergence 


Pointwise a.e. Convergence: We say that f,(xz) > f(x) pointwise a.e. on E if f, — f for all 
x € E\ Z where |Z| = 0. Equvalently, uw ({z: f,(z) ~ f(x) }) =0. 


Convergence in Measure: We write f, “> f if Ve > 0 IN such that p ({| fn — f| > eh) <e (or <7) 
for alln > N. Note that a sequence being convergent in measure is the same as it being Cauchy in 
measure. 





Theorem 4.1 (Pointwise convergence of a subsequence). In general, convergence in measure does not 
imply pointwise convergence a.e. However, if fn + f what we can say is that there exists a subsequence 
{fn,} which does converge pointwise to f. 


Counter Example. We will demonstrate a sequence that converges in measure to zero on [0,1], but 
which does not converge pointwise a.e. to zero. For n > 1 and 1 <j <n, define 


heyeer = a 4) Ss [0, 1], 


n n 


and set fn(x) := xs,,,(x). Let ¢ > 0 and observe that 
1 
tee (0, The ta) Se} ) =i 0,1 eae) eS ag = ee U1, 
as n — oo. So fn ~> 0. However, given any x € [0,1] there are infinitely-many n € N such that 


x € S,,;. This implies that there is a subsequence {f,,} such that f,, — 1 and hence f, ~ 0 pointwise 
a.e. on [0, 1]. 














Proof. Suppose that f, “> f. We need to find a subsequence { fn, }k>1 Such that fr, > f ae. on X as 
k — oo. For j > 1, choose L; such that for all k > L; 


(Ce: fe — SI) = VI) < = 

We can just as well assume that L, < Lo < L3 <---. For j > 1, we define 
By = {e: |fs, — file) > Wah: 

and set 


Aes area = () U Ej. 


m21j2m 


Now for m > 1, we can see that 


u(Z) <p (U B) < SU u(Ej) < $524 =2'™ 5 0, 


j2zm j2m 
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as m —> oo. So we conclude that u(Z) = 0. Next, if « €¢ X \ Z, then « ¢ Uj>,,£; for some m > 1. 
This implies that x ¢ E; for all 7 > m. Thus |f,, — f|(x) < 1/7 for 7 => m, which implies that 
limjoo fx, (x) = f(x) for all 2 € X \ Z. So it suffices to take f,, := fi, so that f,, > f pointwise a.e. 
in X. 














Almost Uniform Convergence: We have almost uniform convergence when Ve > 0 JE C X such 
unif 


that u(E) < ¢ and f, —> f for all z € X \ E, or write f, 


implies both pointwise a.e. convergence and convergence in measure: Ve > 0 there is EF, C X such 
that p(E,) < €/2”. 





+f | . Almost uniform convergence 
Be Ee 





Theorem 4.2 (Egorov). Let E C R” be measurable with |E| < co and let f,,f: E 4 R fork > 1. 
Furthermore, assume that limp f(z) = f(x) ae. in E and that f is finite a.e. in E. Let e > 0. 
Then there exists a closed F C E such that |E\ F| <«¢ and {f,} converges uniformly to f on F. That 
1s, 





sup | f(a) — f(@)| > 0, 


“cer 


ask —> oo. This convergence is almost uniform on E. 


Note that to apply Egorov on the exam, one should state all of the necessary conditions which must hold 
before we can apply it: u(X) < oo, f, are all measurable, and f, — f a.e.; The following statement 
of Lusin’s theorem follows from Egorov and a dense classs argument for L' functions: If f : [a,b] > C, 


or equivalently if f is bounded, then Ve > 0 4 a compact set EC [a,b] such that p(E) < ¢ and iP is 
continuous. 


L?-Norm Convergence: f,, — f in L? if ||fn— f||p > 0 as n + oo. L', L?-norm convergence of a 
sequence imply convergence in measure of the same sequence: By Chebyshev we have that 


1 1 
wll FZ <5 f lf— AP = Slt Ae 


P 


Weak Convergence in a Hilbert Space: We say that x, converges weakly to x € H, written 
In > 2, if (2n,y) 7 > (x,y) y for all y € H. 


4.2 Flowchart of modes of convergence 


The following diagram is a useful summary of modes of convergence (From Dr. Heil’s notes): 








POMntwise aoe. ol ee 
COnVerfence convermence 
st uniform _, convergence are sian ae. 
I Tease: — TVET Ree ot 


a Sun secpene theca: 
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4.3. Convergence theorems 


Theorem 4.3 (Lebesgue’s BCT). Let fy be integrable Vn > 1 such that (a) fn “> f; or (b) fn > f 
a.e. for some measurable function f. If |fn(a)| < g(x) ae. for all n where g is integrable, then f is 
integrable and 


tin f If — fd = 0. 
nN—- Oo 
Theorem 4.4. /f f,g are measurable such that |f| < g and g is integrable, then f is integrable. 


Theorem 4.5 (Monotone convergence theorem). Let {fx}m>1 be a sequence of measurable functions 
on E. Then 





(1) If fy Af ae. on E and Ay integrable such that f, > yp a.e. in E for allk > 1, then 
lim i i | f. 
k-0o E E 

(2) If fe \ f ae. on E and Ay integrable such that f, <p Vk > 1, then 


infin i 


Theorem 4.6 (General form of LDCT). Let f, be measurable for all k > 1. Suppose that (a) 
limysoo fe = f ae. in E; and (b) Ay integrable such that for allk > 1, |fp] < ye ae. in E. Then 


in fine fi 


Sketch. For a proof sketch of the DCT, we require that the f;,, > 0 and then use Fatou’s lemma. 





























Lemma 4.7 (Fatou). Suppose that E C R” is measurable and let f;, > 0 be measurable for all k > 1. 


Then 
oe er 
hinint [f= J. (imine) 


We can obtain the same conclusion if we instead assume that the fr > yp for allk > 1 when — is 
integrable on E. Notice that the statement of Fatou’s lemma makes no a priori assumptions on the 
convergence of the sequence { fi, }x>1- 





Theorem 4.8 (Uniform convergence theorems). We have the following variants of uniform convergence 
theorems: 


e f, — f uniformly on |a,b] with f, all continuous => f is continuous. 


e If f, is differentiable on [a,b] and limy+o fn(xo) exists for some xo € [a,b] and f! converge 
uniformly on |a, b], then f, > f uniformly on |a,b] and f'(x) = limp + fi (x) for all x € |a, bj. 


«* If fr, is integrable on |a,b|] and f, > f uniformly, then f is integrable and 


f= lim Tiss 


[a,b] NFO Ji a,b] 
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[5 FUBINI AND TONELLI 





5.1 Statements of key theorems 
Theorem 5.1 (Fubini). Let f(x,y) be integrable over I = I, x Iz. Then 


i. For ae. x € 11, fy 1s measurable and integrable on I,. That is, 


Lfelw)idy = | Hee eae 
In Ig 


ii. The function F(a = J, f( x,y)dy is measurable and integrable on I,. That is, 


| L(a)|de = [ 


Moreover, ieee voy )drdy = fi, ia ea )dy| dx. 


Fleyy dy) de < Go. 


In 








The necessary conditions to apply Fubini’s theorem can often be obtained by first applying Tonelli’s 
theorem stated below. Note that to apply Tonelli, we must require that f > 0 is non-negative! 




















Theorem 5.2 (Tonelli). Let E = A x B where A,B are respectively measurable sets in R" and R”. 
Let f : E — [0,00] be measurable. Then 








i. For a.e. x € A, fy : B — [0,00] is measaurable. 


ii. F(x =F x,y)dy is a measurable function of x. 


i oa 
Proof strategy: Generally speaking, one applies Tonelli on |f| to prove that f € ZL’, then we can 


apply the Fubini theorem to help with reversing the order of integration. Checking the conditions of 
Fubini’s theorem, we see that this step is actually necessary, unless it is trivial that f € L'. 


5.2 List of previous exam problems 


Example 5.3 (Spring 2017, #2). Let W(x) := max(1 — |z|,0) be the hat function on {[—1, 1]. Given 


f € L*(R), let 
= / Hoe de 


Prove that g is bounded on R and that for a.e. x we have that 


[10 (SSP) v= [ato nena 


2 
HINT: Use the fact that ee W (t)e2""*dt = (sez) 


ny 
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Example 5.4 (Fall 2016, #5). Let f € L?(R) for 1 < p < oo. Given y > 0 denote A, := {r ER: 
|f(x)| > y}. Prove that 




















i f(a) Pdr = p | yA, |dy. 
R 0 


Example 5.5 (Spring 2016, #6). Given f € L1(R), define 

















ae 











o(e) = / " f(t)dt, «€ 


Given c > 0, prove that g(x + c) — g(x) is an integrable function of x, and show that 


[Were ga)de=e f riot 


(oe) 


Example 5.6 (Spring 2015, #5). Show that 


OO as ] 1 4 2 
i sin © st 2 n(1+4/s ) 
0 x 4 


for s > 0 by applying Fubini’s theorem to the function f(x,y) = e~*” sin(2zy) on E = (0,00) x (0,1). 


Example 5.7 (Comp Prep Exam #6). Given f € L'[0, 1], define g(x) = f- 18 a for0 <a <1. Show 
that g is defined a.e. on [0,1], that g € L"(0, 1], and that fo g(a)dx = i f(x)dx. 


Example 5.8 (Fall 2008, #3). Let f,g be absolutely continuous functions on {0,1]. Show that for 
x € [0,1] we have 


A f(t)g'(t)dt = f(x)g(x) — f()g() — [ f'(gtadt. 


(HINT: Consider the integral [ J, f’(t)g'(t)dt over the set E := {(s,t) € [0,2]? : s < t}.) 
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6 L’-SPACES 





6.1 Key results and inequalities 


If p << oo then we define the L?-norm to be 


1/p 
lle = ( ian) , 


and when p = oo we set ||f||o = sup,ce|f(x)|. Alternately we could define it as the essential sup 
which takes x € EF’ \ Z for some |Z| = 0: 


essupzexr |f(a)| = sup{a : w({|f] < a}) > OF. 


The sequence analog to this space is 


1/p 
P= (a; )g>1 : (= ) <C}O?7, P< QW, 


and where we set ||(a;)||co = Sup, |@n|. 
Fact: If w(X) < oo, then L%(w) € L?(w) for any 0 < p< q < oo. This can be proved by applying 
Holder with the conjugate exponents | po := q/p and qo := q/(q— p) |. 














Proposition 6.1 (Cauchy-Schwarz and Hdlder inequalities). Note that we assume that the functions 
f,g are both square integrable, i.e., |f|?,|g|? are both integrable. If this is the case then, 


fiis(f rt) ; 
feds (fur) (for) 


Note that the latter equation above is the special case of the more general cases in Holder’s inequality 
for=+7=1 <> pt+q=pq when p=q=2: 


[| 49 < {I Fllp llglle 





Dual (conjugate) exponents: | If p+q= pq, then p=q/(q-—1). 











Note that Minkowski’s theorem states that || f + 9|lp < ||fllp + |[gllp- Minkowski also implies that 


Lf sf iit 


ag 








Proof of Minkowski (Know This Proof Technique). We let p be arbitrary with f,g € L? and ob- 
serve that: 


T 
Ks) 


le +allp= fir r= fif+oPlt+g 


< / If +9PU(lf|+ lgl)du, then we apply Hélder 


1-1/p 
< (lll + lal) (/ If + al) 


rey cy vllf tlk 
= (IIfllp gl) Tel 





























If a > 0, we can obtain that 
[IF llp \” 
(ke: [4(a)|> ay) < (HEe)” 
Another important result which is non-trivial to prove and due to Riesz is that for 1 < q < o and 
ge Li: 


1 1 
alle = sup {| f Fo} <lizll = 1}. where 44 4 aa 


Proposition 6.2 (Completeness of normed vector spaces). A normed vector space is complete iff any 
Cauchy sequence converges (in E). Also, if any absolutely convergent series converges. In other words, 
if \|fn—fm|| + 0 as n,m — oo, then Af € E such that ||fr—f|| + 0 asn — oo. Also, Ys; ||fnl| < 00 
=> df € E such that 0s, fn = f, or equivalently 7 














N 
Shs] 0 as N — oo. 
n=1 











To prove these completeness properties, we can appeal to the completeness of R” or other known complete 
spaces. For example, L? is complete for 1 < p< o. 





6.2 Dense class arguments 


Compactly supported continous functions are dense in L': C.{a,b] = L'\a,b]. Other dense functions 
in L? are the simple (i.e., staircase) functions, and polynomials. If f € L? and C is dense in L? then 
Ve > 0, dg € C such that || f — g||p <e. 





Example 6.3 (Invariance under translation in L1). Given f € L?, let T, f(x) = f(x — a) denote 
translation of f by a. Prove that T,f > f in the L'-norm as a > 0, ie., limg4o ||Ta f — fl], = 0. 











Proof. We use a density argument noting that compactly supported continuous functions on R are 
dense in L!: C.(R) = L'(R). Then for all « > 0, 4g € C.(R) such that || f — g||1 < ¢/2. So 












































E €. 
Taf = fh Sllaf Teall + lITag — lh + lly — fll +5 +045, 











where ||7.g — g||1 — 0 since g is continuous. 
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6.3. Convex functions and Jensen’s inequality 

















Definition 6.4 (Convexity). The function y: R > R is convex if 


p(t + (1— ¥)u) < Vet) + (1 — Vy(u), 

















for all t,u € R and ¥ € [0,1]. We note an important special case which is that the function y(t) := t? 
is convex for all p > 1. 











Theorem 6.5 (Jensen’s inequality). Suppose that y is conver on X. Then for all functions f : X +R 
which are measurable and integrable on X : 


[ eteyam(a) > ¢ ( / f(e)dm(a) | 


If p is conver and increasing, then 
g ( [orm 2 [ fam. 


For simple functions of the form f := Sy, cixe,, 1.e., where po f = Soi, v(ci)xe,, we obtain the 


corollary that 
[oe f= >> ¢la)m(Ei) > (>: cnt) 
i=1 i=1 





6.4 Proofs of standard results from Folland 
Theorem 6.6. [f0 <p<q<r<o, then LY CI?+L". 


Proof. We first note that f = fx¢p<ay + fxgpsiy. Let f € Lt. Define FB := {x : |f(x)| > 1} and set 
oie, hi xe Then 


lol? =|fPxe <|fl*ve = ger 
|Al’ = |fl’xpe < |fl*vee => REL’, 











with f=g+h. 





Theorem 6.7. [f0 <p<q<r<o, then L?M L” CL’ and 


IIflla Slip Alle 
where X= (q7'—r7!)/(p-! — 7), i.e., where  € (0,1) is defined by + =- 
qd 





eS 5)%, 


a 
Pp 
Proof. If r = 00, | fl? < || FS PIF? with A = p/q so that 

fla < UFIE/ = Uf llco?"* = IMF IIIA loo? 


If r < oo, then we can use Hélder’s inequality with the conjugate exponents and 





rq. 
1-X" 


fl? = i FPF" < IL LAP [pyaar 


aC) yr) (fur’) ew 


= |FIPt FI 


Taking q‘” roots implies the result in this case as well. 
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Theorem 6.8. [f0 <p<q< oo and A is any set, then (?(A) C €%(A) and ||f lq < ||fllp (in &) 


Proof. First, ||f||2, = sup, |f(a@)l? < doo f(a)? => IIflleo < l|Fllp (in &*). The case of g < 00 follows 
from the previous if A = p/q: 














IIflla < NF lIpU Fllce* < IF lle: 


Theorem 6.9. If | (X) < 0o| and0 <p<q< oo, then L1C L? and |\|f\|p < || f\|qu(X)/? M4. 














Proof. If q = oo then the result is obvious: 


I= f ise <i ft = Use. 


If g < ov, then we can use Holder’s inequality with the conjugate exponents q/p and q/(q — p): 














Allg =f P+ SUT LA lve Ultlato-ey = Iga)? 


6.5 Previous exam problems 


Example 6.10 (Fall 2016, # 4). Let 1 << p<q< ow and f € L?Q L*. Show that f € L” for all 
PETG. 


Proof. First, suppose that 1 < p< r<q< _o and writer = tp+ (1—t)q for 0 < t < 1. Set the 
conjugate exponents u = 1/t and u’ = u/(u— 1) = 1/(1—t). Then this implies that 


/ fr = / a / i)" fugomn" 
=(fisr) (fis) <0 


Next, forl <p<r<q=oo: 


fis = flare? siuatese fit <oo. 


The cases where r = p or r = q are trivial. 














Example 6.11 (Fall 2007, #2). Let (X,M,) be a measure space, let 44 be a positive measure, and 
let fr, f € L'(X, M, w) for n > 1. Assume that: 


(1) fa(x) > f(x) for ae. x € X; 
(2) |[falli > [Iflh- 


Prove that ||f, — f||1 3 0 as n — oo. 
(HINT: Fatou’s lemma.) 


Example 6.12 (Spring 2010, #5). Let (X,M,,:) be a measure space and let f, f, € L? where 1 < 
p < oo. Prove that if f, + f a.e., then ||f, — fll, 4 0 iff ||fallo > ||fllp- 
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Slick Proof. The forward direction is easy by Minkowski: 0 < | ||fnllp — |[fllp | < Ilfn — fllp. For the 
reverse direction, we must show that ||fn|l, > ||fllp> = > ||fn —fllp ~ 0. We note that the function 
| - |? is always convex when p > 1. Then 


, then by convexity 





n= FP =n (DP =P [oft 3-2) 
co (Ut PY 


2 2 
Now noticing that |] - ||? > 0 where we have that ||fn||p > ||f||p a-e., we will immediately try Fatou’s 
lemma: 
Pp Pp Pp Pp 
i: lim 2? [Jnl 4+ LP _ lfn — FP |) du < Him int QP [Jnl + l7P —|fn— Fl? ) du 
x m-00 2 2 noo Jy 2 2 


= liminf ( | 2P1 F Pd + | 2d) 


-timsup ff, — FP 
xX 


NCO 


ag Cee p—1 Pp p—1 DY 8 Pp, = P 
= lim inf (2°-"|[fallp + 2? IF llp) pneu? lead lie 


This implies by subtraction that 














is lim sup f lfn — f\Pdu < 0. 
noo xX 

Alternate “Obtainable” Proof. The forward direction is easy and uses the (reverse) triangle inequality. 

The reverse direction uses Egorov which can be applied in this case since informally f € L? implies 

that “f lives on a compact set”. In particular, let ¢ > 0 be fixed. We can choose a bounded set E such 

that ||fxxe||p < ¢. So by Egorov, we can choose a measurable FC E so that f,(a) > f(x) uniformly 

on F' and where || fx re||, < 2¢. Then we have that 








[lterax f fear > IIFllp —2= 
E B 
Lastly, by hypothesis we must have that 


limsup | |f,|Pdx < 2e, 


n—-0oo Ec 


lim sup [ fl? < ffl — f fale 
noo Ec Ee 


— |IFllb — [lfxzellé S Ilfllp — 2¢. 


so that 




















Example 6.13 (Fall 2015, #7). Fix a finite measure space (X,M, wu) and 1 < p< q< o. Show that 
L® /CL‘ iff X contains sets of arbitrarily small positive measure. (HINT: For the “if” implication: 
construct a disjoint sequence {£,,} with 0 < pu(E,,) < 2~", and consider f = 5), dnXz, for suitable 
constants d,,.) 


Proof. | => |: Suppose first that there exists f € L? \ LY. Next, we construct the following sets for 
n>: E,:={x eX :|f(x)| >n}. Then by Chebyshev we see that 


WE) < (ae + 0, 
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as n — oo. So it suffices to prove that u(F,,) > 0 for all n > 1. Suppose that p(E,,) = 0 for some 
n. Then if |f| <nae,ie, fe L° CL! ||f\lf = ffl’ < n*- w(X) < co. But this contradicts the 
assumption that f ¢ L’. 


[<=]: We inductively construct measurable sets F;, such that 0 < p(F,) < 1/2 and 0 < p(F,) < 
(F,-1)/4 for n > 2. If we then set E,, := F,,\U"=] F; then the {E,,} are disjoint and 0 < p(E,) <2. 
Suppose first that q < oo and consider f = >>, @n¥x, for Gn := 1/p(En)!/4. Then if we set A = 1—p/q 


we have that 1 
I f18 = So lanl (En) = 30 H(En)* < Yo sx5 < 00, 


n 


which shows that f € L?. On the other hand, 


I fllZ = So lanl*4(En) = S21 = +00, 


1 


which shows that f ¢ L’. If g = oo, we can define f = )0,, GnXe, with ay := (aés)” —> oo. Then 


f € L’ as before, while f = a, on E,. Since p(E,) > 0, we see that ||f||.. = oo. 

















Example 6.14 (Spring 2011, #7). (a) Assume that ju is a finite measure on a measurable space 
(X,M). With q € (1, 00), let {frbnoi C LY(X) and f € L%(X) be given. Suppose also that 


@ SUP;>1 I| fel] Lex) < 00; and 
e f, > f for p-a.e. on X. 


Prove that f;,, > f in D(X) for all p € [1,¢). 
(b) Is the statement in (a) still true if 4 is only assumed to be o-finite? Justify your answer. 


Proof of (a). First, note that by Fatou we have that 


1/q 
0-<[l/lla= (f timaint |fl?)  < Hmint | flly sup la < oe 


which implies (again) that f € L4(X). So we consider the functions g, := f, — f, which are uniformly 
bounded and converge to zero a.e. in X. We need to show that ||g;,||, — 0 for all p € [1,q). Now we 
take the conjugate exponents po := q/p and qo := ¢/(q—p), i-e., so that 1/pp + 1/qo = 1, in Holder and 
apply Chebyshev in the forllowing forms for m > 1: 


q—p 


1 a P/q 1 
Pp = Pp qd < q — qd 
Jf xentemalaaPa < w({lon > m}) Tae ave Ss (fla) “= (f tole) = tll 


Next, we define 








es 9k; |Grl Sm; 
Gk = : 
0, otherwise. 


Then |g,,| < m pointwise a.e. in X and we are given that g, > 0 a.e. in X. Now by the DCT and 
Minkowski’s inequality, we obtain that 


1/p 
jim |I9ellp = im @ Xqlant>myl9el” + i: al 


Jim |X figul>m}19eI lp + | 


IA 





km | 
[im 


fe giles 
— mp-4 q i 











as each of k,m — oo. 
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Example 6.15 (Spring 2014, #3). Let {f,,} be a sequence in L?(Q) for 1 < p < oo, and assume that 
f € L®(Q) is such that ||f, — fll, + 0. Show that there exists a subsequence {f,,} and a function 
h € L*(Q) such that 


(i) fn, 2 f ae. on 9; and 
(ii) For every k > 1, we have that |f,,(x)| < h(x) ae. on Q. 


Proof. The conclusion is apparently obvious when p = oo, so we assume that 1 < p < oo. Since {f,,} 
is Cauchy in L?(Q) by hypothesis, we have a subsequence { f;, } such that 


[| fres ~ ell < On, Vk = 1. 


From this point on, we simplify notation by calling f,, instead by just f;. Let 


= >» lfrri(z) — fr(x)|, 


41(x), the MCT implies that g,,(x) 


and observe that by computation ||gn||, << 1. Now since g(x) < gn+ 
D?(Q). On the other hand, for any 


) 
tends to a finite limit g(x) a.e. on 2. We also know that g 
m>n > 2, we have that 


| fm(2) — fr(®)| S lfm — fm—al(@) +++ [fnta — frl(@) S g(@) — Gn—a(%) — 9, 


as n — co. Thus a.e. on Q, {f,,(x)} is Cauchy and therefore converges to some finite limiting f*(z). 
We notice that a.e. on 2: 


Sg 
€ 


If (@) — fr(@)| S g(a), for n > 2. 
In particular, this shows that f* € L?(Q). Finally, since 
|fn(@)| < g(a) + [F"(@)| = Ale), 


where h € L?(Q) since L? is closed under addition, the DCT implies that f;, — f* in L?(Q). This 
implies that f = f* a.e., completing the proof. 














Example 6.16 (Spring 2015, #3). Let f € L[0, co]. Show that for 1 < p < oo we have 


ee gi- anf F(t) 


6.6 Proofs of results from the comp prep homework 











Example 6.17 (Problem #3). Given a measurable set E C R¢ with |E| < oo, prove that for each 
measurable function f on E we have that ||f||, — ||f|.o as p— ©. 





Proof. Suppose that f is bounded. Then 


II lle < lf llolEI/? + [lf lloo. 


as p — oo. Secondly, we notice that for any ¢ > 0 


Fllo = WF oxetrtststo—etll> = (Uf lle — LIF] > If lloo — eH!” > | Flloo - €. 














Note that somewhat in contrast to the result proved above, we have that if f € @ andl <p<o, 
then ||flloo < ||fllp- 
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Example 6.18 (Problem #4). Let 1 < p < oo be given. Suppose that y is a measurable function on R 
such that fy € D?(R) for every f € L?(R). Prove that y € L™(R), i-e., we must prove that pL? C L?. 






































Proof. We argue by contradiction. Suppose that y ¢ L°. Fix a sequence of integers k; so that the sets 
Bag Pe ole) Os 


have positive measure. Set f; := xz,/|E;|!/?. Then ||fj||p = 1 and ||yfj||p > 2%. Take f := eee a 
where f € L? by the triangle inequality. But we can compute that yf ¢ L?. This yields our desired 
contradiction. 

















Example 6.19 (Problem #5). Let E C R@ be measurable and fix 1 < p < oo. Assume that f, € L?(E), 
fn 2 f ae., and sup ||fn||p < 00. Prove that f € L?(E), and if g € L”(E) (1/p+1/p' = 1) then 


ine) Foe i. fe. 











Does the same result hold if p = 1? 


Counter ecample when p= 1. Let fn := X{nn+1) 80 that f, + 0 a.e., but where ||f,||p = 1 for all p. 
Let g = 1 so that g € L© when |E| < oo. Then f[ fg = 1, but { fg = 0. Thus the hypothesis fails 
when p= 1. 














Proof. Guided by two examples, namely, 
(a) fo = Xnt1) > 0a.€., but ||f,||,= 1 Vp Vn; 
(b) fn =n'/?xI01/n) > 0 a.e., but || fnllp = 1 for all n, 


we argue that f € L?. By Fatou’s lemma: 


1/ 1/p i 
(fire) “= (firimint se)” <timint (fifa) < sup fell < +00 


Take 1 <p < co and g € L”. We argue that J fng + [ fg. The key point in our argument is the 
reduction to an integral over a finite-measure set. In particular, let ¢ > 0 and pick |Eo| < co such that 


g is bounded on Ep so that 
; E P 
wt <(extan) 
E¢ sup || fnllp 


and on which f, — f uniformly (by Egorov). By uniform convergence and the boundedness of g on 
Eo, Su, fn9 + Ju, fg, and by Holder 


Jo 


< ||frllpllgxaellp < €. 














The same inequality holds for f. 
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SIGNED MEASURES 





7.1 Definitions and key theorems 


Definition 7.1 (Signed measures). Let (X,/) be a measurable space. A signed measure on (X,M) 
is a function v : M — [—co, oo] such that 


(2) v assumes at most one of the values +00; 


(3) If {Ej} is a sequence of disjoint sets in M, then v(Uj;E;) = >), v(E;), where the latter sum 
converges absolutely if v (U;E;) is finite. 





Notation: (Mutual signularity of measures) We write u L v if SE,F € M such that EN F = @, 
EUF=X and F is null for u, F is null for v. Note that we say a set E is NULL for u if u(E) = 0. 


Examples of signed measures: 


e If uy, u2 are measures on M and at least one of them is finite, then v = u, — U2 is a signed measure. 


e If wis a measure on M and f : X — [—o0, co] is a measurable function such that at least one of 
J f*du is finite, then the set function defined by v(£) = J, fdu is a signed measure. 








Theorem 7.2 (Hahn decomposition). [fv is a signed measure on (X,M), then IP,N C X such that 
(1) PUN =X and PAWN =o; 

(2) P is positive for v: VE € M such that E C P, v(E) > 0; 

(3) N is negative for v: VE € N such that E CN, v(E) <0. 


Moreover, this composition is essentially unique in that if (P’,.N’) are another such pair, then every 
M-measurable subset of PAP’, NAN" has measure zero. 


Theorem 7.3 (Jordan decomposition). Let (P,N) be a Hahn decomposition for the signed measure 
u. Then u has a unique decomposition into ut — u~ of positive measures u*, at least one of which is 
finite, such that u*(E) = 0 for all measurable E C N and for all measurable E C P, u~(E) = 0. 





Definition 7.4. The total variation of the signed measure u is given by |u| = ut + u~. The signed 
measure u is absolutely continuous with respect to v, written u < v if for every measurable A, v(A) = 
On gi A) =O, 


Theorem 7.5 (Radon-Nikodym). Let (X,%) be a measurable space on which two o-finite measures 
u, v are defined (i.e., u(X) < oo). Ifu < v then A measurable f : X — |0,00) such that for all 


measurable A C X: 
u(A) = | fdv. 
A 
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Theorem 7.6 (Lebesgue-Radon-Nikodym). Let v be a o-finite signed measure and u a o-finite positive 
measure on (X,M). Then there exists unique o-finite signed measures \, p on (X,M) such that X 1 p, 
p <u, andv =X+ p. Moreover, there is an extended u-integrable function f : X — R such that 
dp = fdu, and any two such functions are equal u-a.e. 














Consequences: 





euvu<u = dv= fdu| for f areal extended u-integrable function; 











dlv| = |f|du and f |fldu= J dlv| = |v|(X) = |le|] < 00; 
eu<uty; 
e vt (FE) =v(ENP), v (E) = —v(E ON) (the sign here is important); 


e Good sets to take to find quick examples include: Ey := ENP, Fy :=EON. 


7.2 Practice problems 











Example 7.7 (Fall 2017,#1). Let v be a signed Borel measure on R. Prove that 


jel) = sup {| ff fav alsih. 


Example 7.8 (Spring 2017,#8). Let X be a set and St be a sigma algebra of subsets of X. Suppose 
that (X, 0, u) and (X,t,v) are two finite measure spaces with u a positive measure and v a signed 
measure. Prove that the following two statements are equivalent: 








(a) v<u,ie., if BE € M satisfies u( EL) = 0 then v(F) = 0; 
(b) For every ¢ > 0 there exists some 6 > 0 such that if E € MN satisfies u(E) < 6, then vu(E) < «. 


Notes on (b) = > (a). Fix e > 0. If this were not true then Vé > 0, u(E) <6 = > v(E) > «. Now 
for n > 1, choose E,, so that u(£,) < 2~” and define FE := Am>18upjs,, £;. Then for any fixed m > 1, 


ti Bs). Sal Us) 2 SG, 


as m — oo. So we conclude that u(£) = 0. On the other hand, if we define Fy, := UnsmEn, then 
Fy 2 Fin4i for all m, which implies by a continuity theorem that 


OM est) = lim u(Fin) > &. 


mM—-0Co 


Indeed, since for all m > 1, we have that 


v(Fin) = V(Un>mEn) Ze v(Em) ae. 











by assumption. We thus arrive at a contradiction. 





Example 7.9 (Fall 2016,#6). Let u and v be two o-finite positive measures on a measure space (X, Wt). 
Show that there exists a measurable function f : X — R such that for each EF’ € 9M, 


fo — f)du = [ fav 


Does the above statement hold for every pair of signed finite measures u, v? 
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Example 7.10 (Spring 2014, #7). Let v be a bounded signed Borel measure on R, and assume that 
f € L'(R). Prove that 

















g(2) = i ie ae 


is defined at almost every x € R, and that 























A 


lg < Ills - lel(R), 


where |v| is the total variation of v. Show further that if f is uniformly continuous on R, then so is g. 














Example 7.11 (Spring 2008, #6). Let v be a signed Borel measure on J = [0,1] such that |v|(J) = 1 
and v(I) = 0. Suppose that there exists a continuous function f : J > R such that ||f||,. <1 and 


it 


Show that the Lebesgue measure on J is not absolutely continuous with respect to |v]. 

















7.3 Extra problems from Folland 


Example 7.12. Suppose that v is a signed measure and that A, jz are positive measures such that 
v=2X—u. Prove that \>vut andy >vu-. 


Proof. Let X = PUN be the Hahn decomposition for v on X and suppose that FE C X is v-measurable. 
Then 


vt (E) = (ENP) = AEN P)- wWENP) < XEN P) < (£) 
v (EB) =—-v(ENN) = WENN) -X(ENN) < p(E). 














Example 7.13. Suppose that v is a signed measure on (X,M) and that E € M. Prove that 
|v|(Z) = sup 1S |v(E;)|: £1,...,£, are disjoint, and B= \g, a} : 
j=l 


Example 7.14. Let u, v be signed measures. Prove the following: 
(A030 a ait, ||| he ate a 


(B) v < wiff |u| < uiffut,u <u. 


yA 





Go A FEW KEY EXAMPLES 





Note: See Dr. Lacey’s handout and key notes. This section is a summary of the key examples from 
that write-up. 


KK 


Pointwise convergence to zero, but the norm is bounded: Take f, := X{nn+41). Then fn — 0 
pointwise a.e., but ||f,||p = 1 for any 0 < p < oo. 


Pointwise convergence to zero, but the norm is bounded (Compact case): Fix 1 < p < oo. 

Take fn := n'/Pyo1/n). Then fn > 0 pointwise a.e., but || fnl|p = 1. 

Convergence to zero in L?, |f,,| < g € L®, but do not have pointwise convergence to 

zero: For an integer 7 such that 2’ < n < 2/*!, define f, := X{ aoaf noitt| so that fn kai 0, but 
27° oF 


fn ~ 0 since limsup f, = 1 and liminf f, = 0. 


Sequence of functions that converge weakly to zero, but do not themselves converge: 
Here, for example, converging weakly to zero means 


[toga >0,g€EL'. 


The basic example on [0,1] is fy := sin(nz) > 0 = (fn,g) +0 Vg € L! (or for all g € L?, etc.). 


A sequence of sets in A, C [0,1] with 5°, |A,| = co, but where limsup, A, has measure 
zero: Take A, := [0,1/n) and apply the Borel-Cantelli lemma. 











A measurable E C R with positive measure that does not contain an interval: Any “fat” 
Cantor set will work here. (Any fat Cantor set is nowhere dense.) 





A uniformly continuous function on [0,0o) that is unbounded: Take f(x) := /x +1. 


An element of (?(N) that is not in ¢'(N): Select a, := n~*/4, let’s say. Then ||a,||a = 
2/4 = 00, but |l@n||e = 55,7279? < oo. Likewise, for any 0 < p < q < oo, there are 
sequences in (2 \ 0, 


A function in L'/0,1) that is not in L?(0,1): Choose f(x) :=1/./z. Then || f||p: = re 7 =, 
but ||f||72 = # — oo. Likewise, for any 0 < p < q < &, there are functions in L?[0, 1) \ L"[0, 1). 


Sequence of continuous functions which converge to a non-continuous function: Con- 
sider the sequence f,(x) := x” on [0,1]. Then f, — x13, which is not a continuous function on 
the full compact interval. 


A continuous function on (0,1] that is not uniformly continuous: Take f(x) := sin(1/z) 
as it will work well here. 


A continuous function on [0,1] that is not Lipschitz on any subinterval: These standard 
examples of so-called “pathological” continuous functions are shown to exist by Baire, but are not 
easy to explicitly construct by hand. 


fn = M+ Xjo,4, and fn = 7X {o.n): 





o FUNCTIONAL ANALYSIS 





9.1 Banach spaces 











A Banach space is a complete normed vector space over some field F. A Hilbert space is a particular 
type of Banach space endowed with an inner product. 





9.2 Linear transformations 




















The set Y C X isa linear subspace (over F) if VA, uw € F and Vz,y € Y, we have that A\x+ py € Y. The 
intersection of linear subspaces is always a subspace. A linear transformation satisfies T(A,x1+A2%2) = 
AT (x1) + A2T (x2). 








Proposition 9.1 (Continuity of a linear transformation). Let T: X — Y be a linear transformation. 
Then TFAE: 


(1) T is continuous; 

(2) T is continuous at zero; 

(3) T is continuous at one point; 
(4) T is bounded; 

(5) T is Lipschitz. 


Proof Sketch. For (1)-(3): T continuous at zero => Va, — 0, T(t) + 0 (where T(0) = 0 since T 
is a linear transformation). Then Va* € X such that 7, > 2*, 2, -—2* 90 = T(x, -—2*) > 0. 

For (4): If T is continuous, we have that Ve = 1 4d > 0 such that ||z|| < 6 => ||Ta|| < 1 
ae Ae ee 

For (5): Consider that ||Tx — Ty]|| < ||¢]| -||a — y|]. 

















9.3. Bounded linear operators 


Definition 9.2 (Bounded linear operators). We say that T : X — Y is a bounded linear operator if 
AK such that Vz € X: ||Tax|| < K - ||x|| (where we note that ||Tx|| < ||Z'|| - ||z|| always). In this case 
we write T € B(X,Y). Note that 
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\|7|| = lubszo 
Tall 





= lubjj2)/=1 ||P]. 


Proposition 9.3 (Completeness of B(X,Y)). The space B(X,Y) is a Banach space endowed with the 
pointwise operations: (T, + T2)(x) = Ty (x) + To(x) and (AT)(x) = AT (a). 


Proof. We need to show that BCX, Y) is complete when Y is itself a Banach space. To show this we use 
the completeness of Y. Suppose that {Z7}} is Cauchy, which implies that ||T; — T;||g — 0 as j,k — oo. 
By the completeness of Y, T;(x) + T(x). Now we see that 














(2) — 7)(x)|| = Jim ||} — Tel] < timsup ||} — T,l|- || — 00 


The following theorem called the Banach-Steinhaus theorem is also refered to as the principle of uniform 
boundedness. 


Theorem 9.4 (Banach-Steinhaus). Let X be a Banach space and let Y be a normed linear space. 
Let {T.,} be a family of bounded linear operators from X into Y. If for each x € X the set {Tx} is 
bounded, then the set {||T..||} is bounded. 


Theorem 9.5 (Open mapping theorem). Let X and Y be Banach spaces, and let T : X + Y be a 
bounded linear map. Then T maps open sets of X onto open sets of Y. 


Proposition 9.6. Let X and Y be Banach spaces and let T € B(X,Y) be a bijective linear map. Then 
T~' is a bounded linear map. 


9.4 Hilbert spaces 


Definition 9.7 (Hilbert spaces). A Hilbert space is a set X satisfying: 




















(a) X is a vector space over some field F (typically C or R); 

















(b) X possesses an inner product, (-,-) : X x X — F, that satisfies: 

















i. (x,y) = (y,x), Vr,y € X. Note that this implies that (x,x) € R Vz. 

i a) On A Oe 
iii. For all z,y € X and VA € F, (Az, y) = A(z, y). Note that this implies (x, Ay) = A(z, y). 
iv. For all z,y,z,u€ X: (2, y+ z) = (x,y) + (a, z) and (7+ u,y) = (2, y) + (u, y). 








(c) X is complete in the sense of normed spaces. 


One consequence of the above is that X is normed in the sense that ||z|| := ./(x, x) is a norm. 


Examples of Hilbert spaces include: L?(X) JS a Hilbert space as with (f,g) := fy f(x)g(a)dz, (f, f) = 
Jx |f? (and linearity is easy to prove). However, L?(X) for p # 2 is NOT a Hilbert space as it does 
not satisfy the polarization identity. 


Lemma 9.8 (Cauchy-Schwarz). Let X be a Hilbert space. For all x,y € X, |(x,y)| < |[al] - |Iyl]- 
Proof (Real Case). First, we observe that 
[|x + Ayll? = |la||? + 2A(x, y) + A’UlylP. 


Then we complete the square as 








2 
a) + ||z||? — (x,y)? 
[III loll? 


which cannot have two roots which then implies that 


le + Av? = (All + 





2 
a|[? — 24% > o 
Tl 


y) 











from which the claimed result follows. 
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Note that we also have Cauchy-Schwarz in R”: 


(=) <(Gx) (Ex) 


Proposition 9.9 (Polarization identities). We are concerned with the real case here. In particular, 
for H any Hilbert space over R we have that Vx,y € H: \|x + y\|? + |la — y||? = 2(|[x||? + |ly||?).. The 
polarization identity also defines an inner product: (x,y) = + (|x + yl|? — |le — yl|?), Vz, y € A. 

















Definition 9.10 (Orthogonal sets and completeness). Let X be a Hilbert space. We say that 7, y € X 
are orthogonal if (x,y) = 0. The family {za}aer is an orthogonal set <= > (%,%3) =O Va. An 


orthonormal set is an orthogonal set such that (%o,%o) = 1 for alla € J. 
An orthogonal set is called complete if (ta,y) =0 Va € Il = > y=0. An example of a complete 
orthogonal set is the basis {exp(272kV)},ez in L?,,(0, 1). 


per 


Lemma 9.11 (Least squares minimization). Let {x;}%_, be an orthonormal set. Then the difference 
ee 


Corollary 9.12 (Bessel’s inequality). Let {x;}1<i<y be an orthonormal sequence. Then 


is minimized by taking rj := (y, vi). 





dole 9)? < Ilyll?. 
i=1 


Theorem 9.13 (Orthogonal complement theorem). Let X be a Hilbert space and E Cc X be a closed 
(i.e., complete) subspace. Then Vx € X Jx* € E,x* such that x = 2*+ 2+ and (xt,y) = 0 for all 
y € E. Moreover, we can prove that 





x” = argmin,ep ||x — yl. 





Example 9.14 (A linear space that is not closed). In (?(N) consider E := {x : AN such that x; = 
OV] > N}. Then E is a linear space, but is NOT closed as there is no minimum to the following 
example: for x := (1,1/2,1/3,1/4,...) the norm ||” — (1,1/2,...,1/N,0,0,...)|| can be made as small 
as you wish by taking N large enough. 


Proposition 9.15 (Parseval’s identity). Jf {e;} is complete and orthonormal, then Ik = ue: 








can be made as small as possible by taking A; := (e;,x)e; and letting N — oo. In particular, 


N 


el? = Jim Sle, #)P. 


i=1 


9.5 Practice problems 


Note that this section is intentionally underdeveloped. See the previous comprehensive exams for par- 
ticular examples. 
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MISCELLANEOUS OTHER NOTES 


10.1 Other problems 





Example 10.1 (Dr. Lacey). Let e; be the unit basis in (?(N). Fix v € (?(N). Consider the linear 
operator T defined such that Te; = v for all 7 > 1 extended linearly. Note that since the e;’s spab @?, 
this requirement completely determines 7’. Prove that T is bounded iff v = 0. 


Proof 1. The norm of e;+---+e, is \/n in ¢? whereas the norm of T(e,; +---+en) is n-||v||. Therefore 
\|Z|| > Vn- ||v|] for all n. This implies that if v 4 0 then the norm of T is +00. 














Proof 2. Let x := ¥055,¢;/j € @. Then Tx = v>¢,,,1/j. This implies that Tz = +oo whenever 
v #0 where Tx = 0 when v = 0. 














Example 10.2 (Spring 2016, #5). Let f be monotone increasing on {0,1}. Prove that es FC) 
f(1) — F(0). 


Proof. Let gn(x) := (f(a + 1/n) — f(x))/(/n). Then for e € (0, 1/4): 


- f(z yar = fi ~ Tim ga(a)de, and 
fo nevum- fs th: ca 
1-e+1 a 
a oe 


[ se+um-f rs 20)- 10). 


Now since f is monotone and non-decreasing g, > 0, so by Fatou: 


Fa) ~ 0) > imine gp Aas a> f f’ 


n—>0o 1/n 








which implies that 

















Example 10.3 (Fall 2016, #3). Let E),...,£, be Lebesgue measurable subsets of [0,1] and define 
S,:= {x € [0, 1] : x belongs to at least qg of the sets E;}. 


Show that for each 1 < q <n, S, is Lebesgue measurable, and there exists k such that 


Sq 
q tel < 1B 


Proof. Let f := >\7_,Xn,, which is a finite sum of measurable functions and hence is measurable. 
Then 

Sa = {@ € [0,1]: f(x) 2 a, 
and so since f is measurable, it follows that S, is measurable for any 1 < gq < n. Moreoverm by 
Chebyshev’s inequality, we see that 


alls fi sorde= fo relate = So Bul <n ( max [Eal). 
[0,1] [0,1] p= k=1 = 


This implies that 


S 
DS aoa sae te 
n 1<k<n 

















for some K € {1,2,...,n}. This inequality is true for any 1 <q <n. 
Example 10.4 (Fall 2015, #1). Let f € Z1(R) and let a > 0. Show that 























lim f(nz)n~™* =0, for ae. «ER. 
N—- Oo 


Proof. Let fn(x) := f(nz)n~™ for n > 1, Then by a substitution, we have that 


[ltotolae = Se f slo 


yf ite ide = f flee x Se = [If lh Gla +1) <0 (*) 


n>1 








It follows that 














since f € Lt anda+1> 1. Now since |f,(«)| > 0 for all n and for all « € R, by the monotone 
convergence of the sequence of partial sums on the LHS of (*), we see that also 


[XS @ < 20 => Yala) < oo 


n>1 n>1 














and so necessarily we must have that limy.. |fn(x)| = 0. 


Example 10.5 (Spring 2013, #8). Let (X,M,) be a measure space, and for n > 1 let fr, f,gn,g be 
measurable complex-valued functions on X such that f, “> f and gp > g. 


(a) Show that f, + gn 4 f +g; and 
(b) Show that fngn “> fg if u(X) < co, but not necessarily if p(X) = oo. 


Proof of (b). Suppose that p(X) < oo and for the sake of contradiction that f,g, A»fg. This implies 
that there is some ¢ > 0 and some subsequence { f,, dn, } Such that 


MLL: | fn Ine — F9|(") 2 ef) 2, Wk 2 1. 


Now f, — f and gn + g implies that ta *. f and Ori “, g for any subsequence of a convergent 
sequence converges to the same limit. This implies further subsequences fn, — f ae. and Gnu, 9 
a.e. on X, which implies that Fue, Gn, > fg ae. on X. Now together with the fact that p(X) < oo, 
and that convergence in measure implies finiteness a.e. on X, we can apply Egorov to see 
that Fn, nx, fg almost uniformly on X, which in turn implies convergence in measure of this 
subsequence. We have arrived at our desired contradiction. 


As a counter example when p(X) = oo, consider either of the following definitions for n > 1: (i) 


fa(z) = n(x) =2+1/n, f(x) = g(x) = 2; or (#) frlz) = [Xm (2), f(z) =0, 9(x) = gn(x) =z. 
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Example 10.6 (From the Analysis II homework). Prove that if E C [0,1] has positive Lebesgue 
mesaure, then there exist x,y € EF such that x -—y €Q. 




















Claim: Let GC R be selected such that |G| > 0. Then there exists an open interval J C R such that 
IGN T| > 3/4|Z]. 

















Proof. This result follows from the Vitali covering lemma. 

















Proof. We prove that given £, EB) C R such that |F\|,|E2| > 0, the difference set 
Dig :={z-—y: 2 € Fy € Ey}, 


contains an open interval. Here we will specify that FE, = Ey, and notice that since the rationals are 
dense in R, this implies the claim in the exam problem. 


























From the claim, we have open intervals J, J C R such that |E, O/| > 3/4|I| and |E.N J| > 3/4|J|, and 
where WLOG we can assume that |/| > |J|. It follows that there exists a a € R such that J+aC I. 
Let y := 1/4|J|. Then for any 0 < |G] < 7, we see that the intervals J, J+-a+ intersect in an interval 
M where the length of M satisfies |M| > 3/4|J|. Next, let BE, := E\NM, Ep := (Eo +a+8)NM for 
the fixed parameters a, ( and interval M identitified above. Then we see that (1) we have 














JE, 1) =|E,U E,n(I\ M)| 











= ee. Ny 
= |B) + an (1\ 0] < i) + 2 
Mie ee, a as a || 
= || > 2\n|- Sj > Sit = 4 (*) 


and that (2) we have that 


\E2N J| = |(F2 +at+ B)N(J+a+)| 








= |B| + (Ea +a +8)N(J+a+8)\M| 
~ J 
ae 
~ sy J 
= || > Sj, - = t (*) 


by similar reasoning to the above. Finally, we notice that Bi U E> C M, which shows that |E, U E)| < 
|M| < |J|, where by (*) and (**) we also have that 


vi vl 


|Z, U By] < |Bi| + | Bal < +> =(|J|. 

Hence, we must have that Ey E2 4 @, which in turn implies that E\N(£2+a+ 8) 4 S, or equivalently 
that there exists a y € E> such that y+a+ 6 € E,. Thus we can see that a+ 8 € Dj. Just to be 
clear, but by no means concise, as pointed out in the previous discussion we have that a+ 6 € Dy 


whenever 0 < |G] < y = |J|/4. So we obtain that 


J 
(a-7,a+7) = (o-Yat et) C Dy. 














In other words, Dj, defined as above contains an interval — and we are done here. 











Example 10.7 (Fall 2017, #4). ne ~ be a ee in C!(R*) with compact support. Show that for 
any f € L'(R*) the function ¢ « f(x) := f o(@ — y)f(y)dy is differentiable. (HINT: Be careful about 
moving limits. ) 
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Example 10.8 (Sprint 2017, #7). Let f, : [0,1] — R be non-negative measurable functions that 
converge a.e. to a measurable function f € L*(0, 1]. 


(a) Prove that the integrals he min(f,(x), f(a))dx are defined for each n, and that 


lim Oe ()ider= [Flo f(a 


NCO 0 


(b) Assume that lim,_,.. eee ize = fie x)dx. Use part (a) to prove that || f,—f ||, ~ 0asn > oo. 


Example 10.9 (Fall 2015, #8). Let 1 : p < oo. Show that the operator Tf(x) = 
IZ fllp < Cy - |[fllp where C, = ie 


. oe fO dy satisfies 


GHEE 


10.2 Facts and reminder notes 


The following reminder list is intended to quickly refresh myself on the little facts and/or less standard 
tricks I have come across during the comp preparation: 


e If a question contains multiple parts, it’s a good guess that the later parts will use the results from 
the earlier ones. 


.b)—min(a,b) 
la —b|= max(a an . 


exc+y=min(z,y) + max(z, y). 





4 oa) _ si) for all 2 ER, 























e For all u € R, | sin(u)| < |u| (follows from a truncated Taylor series expansion of the sine function). 





© Xic,c+¢(t) = X—cxj(@), which can be combined with an application of Fubini or Tonelli to swap the 
orders of integration in a double or multiple integral. 


e Whenever see convergence in measure, try to extract a subsequence which converges pointwise. 
e Whenever see (i) positive g,; and (ii) gn > g a.e., immediately try Fatou’s lemma. 

e Whenever see |F| < oo and/or f, > f a.e., think Egorov applications. 

e If cannot prove convergence in measure directly, think proof by contradiction. 


e Let A denote the symmetric difference of sets: ANB =(A\ B)U(B\A). Then if J, is an interval, 
E is measurable, and 0 < |E| < oo: |JENI,(x)| -|ENI-(y)|| < (29 L(2))A(EN L(y))| < 
Z-(a)AT(y)]. 


e As a heuristic, convolutions tend to smooth out functions. Convolution problems may involve 
convergence theorems. 


e All aspects of the convergence theorems on the exam are sharp. 


e E\ F=(E\ A)UA\ F). 


|A\ Ble < |AAB|.. 


e f(x) = i XB; (x) = We f= DAE, |E;].- 
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Try the following special functions: h(z,y) = py?"'xip@sy, f(z) = sup, |fr(2)|, F(a,t) = 
fO)Xtecrg(t) = f(t)Xp-c4(e). Try gn = f — min(fn, f) and hyn = max(fn, f) — f. 


An eigenvalue of U: U(f) =Af => ||UCS)|] = |AIIA]- 
An = {|f| > n}. 


Let k, := min(f,, f). To show that if k, is well-defined: Note that k,, is measurable and non- 
negative a.e. provided that the f,, f are. Therefore, [ k, € [0, +00] exists. 


F(x) = fo fa(thadt => |Fn(x) — Fry) = |S Xteu fn (@) del. 


Let EY) Saif ek gal = lel epee (Een ie lel oh 4\ tes ell 1}. Then EV Ae 
bounded and measurable. May need to assume that |F;,| < co for some k (the other case is easier). 


EN Omsi lin = Wie Ve, 





If |E| < oo, then yz(x) € L1(R). 
If0<r<s<1: ENQ(s) Cc (ENQ(r)) U(Q(s) \ Q(r)). 
As EN Q(r) C Q(r) and Q(r) are measurable sets: 


lim |Z Q(1/n)] < lim |Q(1/n)| = |2| = 0. 
































From Fall 2016 #2: A C R@ is Lebesgue measurable <> Ve > 0 Ja Lebesgue measurable E C R4 
such that |AAE| <«. (here: A\ E| < |AAE| < €/3) 








Fall 2016 #4: Uses the DCT to show a function is continuous and differentiable. 
Continuous on £ => measurable on E. 

u(r : [fa — fl+|gn — 91 = eb) < whe: Ufa — fl > €/2H) + wf: lon — gl = 2/23) 
Counter examples: f,(%) = +x,0,n)(2). 


IDE, By, Ss Mh, es SIN SU, nS Supe where lin, aaa = Nig Ih Oe 
SUP, 9 Mfmon Im and lim sup, ,.5 Cn = WMp+oo SUP dn Lm = Mfp>0 SUP Sn Lm- 

= 1 q Pp 
f(x) = Gieaue © ¢ L? for p < q. 


Note that p*(E 9 (Uj. Aj)) S w(EN (Uja14y)) S Djs WEN Aj). 


Let $(s) := |{x : g(x) < s}|. Then since {a : sx41 < g(x) < s} C {x : 5; < g(x) < s} and since 
|[0, V/s] < co, we have that 


jim |O(s) — 9(58)] =| Me {2 + 8k S g(x) < s}] = 0. 





@ continuously differentiable with compact support = > JC constant such that 


sat d(x +esh—y)—G(e—y) <0. 
h#£0 h 





If a is an irrational multiple of 27, the numbers na (mod 27) are dense on the unit circle. Moreover, 
any continuous function that vanishes on a dense set is identically zero. 
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|A \ El.| < |AAE|, for any A, E. 


Let A, := {|f| > n} and A := {|f| = oo}. Then A,4, C A, and A= ‘es A, so that A, \, A. By 
continuity, limp. |An| = |A| = 0 when f is finite a.e. 


HD [0,1] \ A open such that |H|. = |[0,1]\ Ale => [0,1])\H CACG. 














f’ integrable ==> for all « > 0, 4d > 0 such that for any measurable A C R: |A| <6 => 


filF\ ss 
Handle the cases of |A]. < co, |A]. = co separately (typically, reduce the second to the first). 





First problems on Fall 2012 exam; 


Je \fol? = (fn — f+ f)xallp S 2a — F)xellp + 2?llfrcallp- 


lim inf(s,,) + liminf(t,) < liminf(s, + tn) < limsup(s, + tn) < limsup(s,) + limsup(t,), for any 
sequences {s,,} and {t,}. 
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